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We consider the equation 
+w) + 49fW(W = 0 (1) 
where n >, 2, a, 4: [0, 00) + (--a~, oo),J (---co, oo) + (-00, 03) a, Q, andf 
are continuous, q(t) < t for t > 0, q(t) --f co as t -+ 00, and xf(x) > 0 for 
x # 0. 
Following El’sgol’ts [6], for any t, > 0, we let Et0 = {s 1 s = q(t) < t, 
for t 3 t,,) u {ts}. By a solution of (1) at t, is meant a function X: Et, u 
[to , tI) + (-03, a), for some t, > t, , which satisfies (1) for all t E [to , tr). 
We assume that all solutions of (1) at t, exist on [to , CO) for every t, 3 0. 
A solution x(t) of (1) at t, is said to be oscillatory if x(t) has zeros for arbitrarily 
large t and nonoscillatory if there exists t, > t, such that x(t) # 0 for all t > t, . 
Equation (1) is said to be oscillatory if every solution of (1) is oscillatory. 
A well-known sufficient condition for oscillation of the linear equation 
X” + a(t)x = 0 
is that 
I 
co 
a(t) dt = co 
This result has been extended in [2] to the nonlinear equation 
(2) 
(3) 
X” + a(t)f(x) = 0 (4) 
where f is nondecreasing, continuously differentiable, and xf(x) > 0 for x # 0. 
It has also been shown that the above mentioned criterion does not extend 
to the delay equation 
x”(t) + 44mMm = 0 (5) 
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unless a(t) is assumed to be nonnegative; see [3, 13, 141. However, for a(t) > 0, 
the integral condition in (3) has been improved and numerous oscillation 
results for Eq. (4) as well as for Eq. (5) h ave been obtained by restricting f to 
various classes of functions. Furthermore, when f(x) = XY, y is a ratio of two 
positive odd integers, LiCko and Svec [9] obtained a characterization of oscillation 
of solutions of the strictly nonlinear even order equation 
X(‘S) + a(t)xY = 0 (6) 
in terms of a simple divergent integral. 
THEOREM A (LiEko and Svec). (i) For y > 1, (6) is oscillatory if and on+ if 
s 
m 
tn-la(t) dt = 0~). 
(ii) For y < 1, (6) is oscillatory ;f and only if 
s 
Ot t+%(t) dt = CO. 
Such a simple characterization of oscillation of Eq. (4) when f is an arbitrary 
nondecreasing function is impossible without a further restriction on a(t) 
as is shown by the Euler-equation x” + (ka/ts)~ = 0 which has oscillatory 
and nonoscillatory solutions for different values of K. However, when f is 
eventually nonincreasing, Burton and Grimmer [5, Theorem 61 obtained a 
characterization of oscillations of Eq. (5) in terms of a simple divergent integral. 
Our main purpose in this paper is to characterize oscillation of Eq. (1) when 
f is an arbitrary continuous function. We first state an interesting result obtained 
by Wong [15] for Eq. (4). 
THEOREM B (Wong). If either 
(i) jrn a(t) dt = co and liE+izf (f (x)1 > 0 
OY 
(ii) 
s 
*m f (x) dx = co and lim+rrf a(t) > 0, 
Uzen (4) is 0sciZhtory. 
Examples were given in [ 151 to show that neither the condition on f in (i) 
nor the condition on a in (ii) can be weakened. In fact, the integral conditions 
in (i) and (ii) combined are not sufficient for oscillation of Eq. (4). Therefore, 
when f is an arbitrary continuous function, stronger conditions than that 
assumed by Theorem B on a(t) are needed to insure oscillation of Eq. (4). 
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Thus, by assuming a(t) nondecreasing, Burton and Grimmer [4] gave an 
oscillation criterion for Eq. (4), where f is an arbitrary continuous function. 
In fact, they obtained a characterization of oscillation of (4) under a slightly 
milder condition on a(t). 
THEOREM C (Burton and Grimmer). Suppose sr [a-‘(s)/a(s)] di < 03. Then 
(4) is osci&ztory if and only if St”, u(t)f[ *k(t - to) dt = &co for every k > 0 
and t, 2 0. 
It is not hard to see from the proof of Theorem C that the sufficient con- 
dition of the theorem can be proved under a more relaxed condition on u(t) 
as to include part (ii) of Theorem B. We choose to state this result separately 
and extend it to Eq. (1). 
THEOREM D. Suppose u(t) 3 r(t) f or some positive nondecreasing function 
r(t). If J” r(t)f [j#t - to)] dt = &co for every k > 0 and t, > 0, then (4) 
is oscillutory. 
Notice that the equation 
a? + W&3/(1 + x”) = 0 
is oscillatory by Theorem D while Theorem B fails to apply. 
The following observation seems to be useful when dealing with oscillation 
of Eq. (1). First, it is possible under such a general condition on f that delays 
induce oscillation; more precisely, it is possible that Eq. (1) oscillates for some 
choice of q(t) < t while Eq. (1) has a nonoscillatory solution when q(t) = t. 
In fact, the equation 
x”(t) + [2(1 + t”‘“)/(9t”)l x(q(t))l(l + edt))) = 0 (7) 
is oscillatory when q(t) = t1i3 (Corollary 1 below, r(t) = 2/3, and [5, Theorem 61) 
while it has a nonoscillatory solution x(t) = t2i3 when q(t) = t. Secondly, 
it is possible that the condition on u(t) depends on the delay under consideration 
so that an oscillation result for Eq. (1) may be obtained under more relaxed 
conditions on u(t) when q(t) < t than when q(t) = t. Consequently, it is 
expected that a characterization result for Eq. (5) can be formulated with 
a weaker condition on u(t) than that assumed in Theorem C. Apparently, 
this point was not observed when Burton and Grimmer [5] extended Theorem C 
to Eq. (5) and obtained the following result. 
THEOREM E. Suppose J” [u’(s)/u(s)] ds < co and m, < q’(t) < m2 for some 
positive constants ml and m2 . Then (5) is oscillatory if and only if 
s 
Oc u(t)f[fk(t - t,)] dt = &co for every k > 0 and t, > 0. 
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Obviously, with this restriction on q(t), the domain of application of 
Theorem E is very restricted and hence Theorem E is not in general a charac- 
terization of oscillation of Eq. (5); f or instance, functions such as q(t) = In t 
and p(t) = tliz are excluded. However, Theorem E is an interesting result 
which shows that, for a small class of delays, Eqs. (4) and (5) have the same 
oscillatory behavior. 
In this paper, as we obtain a characterization of oscillation of Eq. (l), we 
give some oscillation criteria which apply to a large class of delay as well as 
ordinary differential equations. The characterization result that we obtain 
improves Theorem E by relaxing the boundedness condition on q’(t) as well 
as the monotonicity condition on a(t) so that for some delays a(t) may vanish 
infinitely often. 
MAIN RESULTS 
1. We assume throughout this section that the following conditions 
are satisfied: 
(I) a(t) > 0 and not eventually identically zero, and 
(II) q(t) is eventually continuously differentiable and satisfies q’(t) > 0 
except possibly at isolated points. We define the function f * by 
f *w = f(x) if x<O 
= -f(-x) if x>,O 
and we consider the equation 
X(yt) + a(t) f “(x(n(t))) = 0. (8) 
It is clear that f * is an odd function with xf *(x) > 0 for x # 0. Also, if x(t) 
is a solution of (8) so is -x(t). Moreover, y(t) < 0 is a solution of (8) if and 
only if y(t) is a solution (1). 
The following lemmas will be used throughout this paper: 
LEMMA 1. Suppose (I) holds and x(t) is a solution of (1) which is of constant 
sign on [to, a), t,, > 0. Then there exists t* > t, such that on [t*, m) we huwe 
(i) xfk)(t) x(t) > 0 whenever K + n is odd and 0 < K < n - 1, and 
(ii) there exists un integer Z, 0 < 1 < n - 1, n + 1 is odd, such that 
x(k)(t) x(t) > 0 for k = 0, l,..., z, (-l)n+k--lx(yt)x(t) > 0 for k = 1 + l,..., 
71 - 1, and x(n)(t) x(t) < 0. 
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LEMMA 2. Suppose (I) holds and x(t) is a solution of (1) which is of constant 
sign on [to , co), t, 3 0. Let i be an integer such that 0 < i < n - 2. If z@(t) + 0 
ast+qthen 
(a) there exists t, 3 t, so that xfk)(t) xtk+l)(t) < 0, k = i,..., n - 2, and 
x(-(t) i+‘(t) < 0 for all t 3 t, , and 
(b) 1 J” tj-W+j’(t) dt 1 < CC and tW+j)(t) --f 0 us t -+ co, j = l,..., 
n-l-i. 
Lemma 1 is essentially Kiguradze’s lemma [8] while Lemma 2 is due to 
the author; see [II] for a proof. 
THEOREM 1. Suppose (I) and (II) hold, (Y >, 0, i is an integer with 1 < i < 
n - 1, and there exists a nondecreasing function r: [01, CCI) -+ (0, CKI) such that 
for all t 3 01. If 
u(t) 2 r(t) $-l(t) a’(t) (9) 
s z r(t) f [*k@(t)] $-l(t) q’(t) dt = &co 
for every k > 0, then, for n even, every solution of (1) with bounded i-th derivutive 
osciZZates, while, for n odd, every solution x(t) of (1) with bounded’ i-th derivative 
either oscillates or t%(“)(t) -+ 0 us t + co, k = 0, l,..., n - 1. 
Proof. Let x(t) be a nonoscillatory solution of (1) and assume x(t) > 0 
for t > b,, , t, > 0. Choose t, 3 01 sufficiently large so that (I) and (II) hold 
for t 3 t, . By Lemma 1, there exists t, 3 t, such that x(“)(t), k = 0, I,..., 
n - 1, are of constant sign for all t > t, . Choose t, so that q(t) 3 t, for t 2 t, ; 
then, from (1) and (9), we obtain 
X(Yt) G -r(t)f M(t))) C’(t) 4’(t) w-4 
for t > t, . As x’(t) is eventually of constant sign, then x(t) is monotone and 
hence x(t) -+ 1 as t + CO, 0 < 1 < co. 
We first show that Z must be either zero or infinity. Suppose 0 < Z < co; 
then, by the continuity off, f (x(4(t))) -+ f(Z) as t -+ 03 and hence there exists 
t* >, t, so that f(x(p(t))) > f(Z)/2 for t 3 t*. From (10) and the nondecreasing 
property of r(t) we obtain a+)(t) < -Q’(t) for all t > t*, where K = 
r(tl) f(Z) tk-l/2. Thus @-l)(t) < x(+l)(t*) - IQ(t) - q(t*)] and hence 
xfn-l)(t) -+ -co as t --+ co, a contradiction to Lemma 1. 
We now show that 1 must be zero. Suppose Z = 00. As xci)(t) is bounded, 
then / x(i)(t)1 < k, for some k, > 0 and all t >, t, . By successive integrations 
from t, to t we obtain ] xi-j(t)/ < k,(t - tl)jb! + ... + I x(i-j)(tl)l,j = 1, 2,..., i. 
As x(t) + 03 when t + 00, then, by Lemma 1, we must have x’(t) > 0 for 
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t > t, . Choose t, > t, and k, > 0 so that x’(t) < k&l and x(t) < k,ti 
for t >, t, . Choose t, > t, so that q(t) 2 t, for t > t, ; then x’(q(t)) < k&l(t) 
and x(q(t)) < k,qi(t) for t > t, . Let+(t) = x(q(t)); then d’(t) = x’(q(t)) q’(t) < 
k&l(t) q’(t) and hence (10) yields the inequality x@)(t) < -r(t)f(+(t)) +‘(t)/ka 
for t > t, . Thus x(+l)(t) < &“-l)(t3) - k;r li3 r(~)f(#u)) f(u) du for t 3 t, . 
As 4(t) < k2qi(t), then q(t) 3 k#li(t) for t >, t, , where k, = k.$‘i. By (II), 
q(t) is increasing for all t 3 t, and hence Q-’ exists on [q(&), w). Choose t, > t, 
so that k#li(t) >, q(t,); then r > q-‘[k#li(t)] for all t > t, . Let v = q%(t); 
then $-l(v) 3 q-l(k,vl/i) for all ZI > t, . As r is nondecreasing, then r[#-‘(v)] > 
r[~-l(k,~l~i)] and hence 
x’-(t) < x’ “-l)(tq) - ki1 y; r[q-l(k,P)] f(s) ds. (11) 
By assumption s” r(t)f[k#(t)] qi-l(t) q’(t) dt = GO for every k > 0. Letting 
s = kqi(t), this integral condition yields SW ~[~-‘(r&~)]f(~) ds = co for every 
m > 0 and hence the right-hand side of (11) tends to --oo as t + co. Thus 
@-l)(t) becomes negative which contradicts Lemma 1. Thus x(t) + 0 as t --f co 
and hence by Lemma 2 tkdk)(t) -+ 0 as t -+ ~1, k = 0 I,..., n - 1. 
If n is e’ven, then, by Lemma 1, x’(t) > 0 for ‘t 3 t, and hence x(t) cannot 
tend to zero. Thus x(t) must oscillate. 
Now assume x(t) < 0 for t >, t, and let y(t) = -x(t); then y(t) is a solution 
of (8). As f * satisfies the integral condition of Theorem 1, then y(t) satisfies 
the conclusion of the theorem and so does x(t). The proof is now complete. 
COROLLARY 1. Suppose (I) and (II) hold, a > 0, and there exists a non- 
decreasing function r: [CL’, a) --f (0, w) such that 
a(t) >, r(t) p(t) q’(t) 
for t > 01. If
s m r(t) f [J&“-l(t)] q”-2(t) q’(t) dt = &CC 
for every k > 0, then, for n even, (1) is oscillatory, while, for n odd, every solution 
x(t) of (1) is either oscillatory or t%+“)(t) -+ 0 as t---f CO, k = 0, l,..., 7t - 1. 
Proof. Let x(t) be a solution of (1) which neither oscillates nor tends to 
zero as t + 03. Then, by Lemma 1, x (+l)(t) is bounded and hence, by Theorem 1 
for i = n - 1, x(t) must either oscillate or tends to zero as t ---f co, a con- 
tradiction. 
DEFINITION. For simplicity, we say that a solution x(t) of (1) has the property 
P if either x(t) oscillates or tkdk)(t) + 0 as t + co, k = 0, I,..., n - 1. 
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In addition to Theorem 1 being an oscillation result, Theorem 1 gives some 
information about the nonoscillatory solutions of Eq. (1); for instance, when 
n is even, 1 < i < n - 2, and the hypotheses of the theorem are satisfied, 
it follows that every nonoscillatory solution x(t) of (1) satisfies eventually the 
inequality 1 x(t)1 2 Kti for some K > 0. Also, Theorem 1 shows that the 
dependence of a(t) on q’(t) relaxes the condition of Theorem E on a(t) so that 
for some delays, a(t) need not be monotone or bounded by monotone functions 
such as the case in Theorems C and D. For example, when q(t) = In t - sin In t, 
u(t) may be chosen to satisfy u(t) = (1 - CDS In t)/t which vanishes infinitely 
often. 
THEOREM 2. Suppose (I) and (II) hold, OL > 0, i is an integer with 1 < i < 
n - 1, and there exists a nondecreasing function r: [a, a) + (0, CO) such that 
u(t) < r(t) q”-*(t) q’(t) for t > CL (12) 
If every solution x(t) of (1) is either osciEZutory or a (+l)(t) + 0 us t + co, then 
s 
m r(t) f [#q”(t)] $-l(t) q’(t) dt = A-00 for every k > 0. 
Proof. Suppose s” r(t) f [kqi(t)] qi-l(t) q’(t) dt < co for some k > 0. Choose 
t, > 01 so that q(t) >, 01 for all t >, t, . Let A > k, > k where A and k, are 
to be determined. Let x(t) be a solution of (1) such that on Et we have &-i) t 0 = 
AF/(j - l)!, j = 1, 2,..., n. As x(+l)(tl) = A > k, , 1 then there exists 
t, > t, such that x(+l)(t) > k, for all t E [tl , tJ. By successive integrations 
from t, to t we obtain x(“-j)(t) 3 kltj-‘/(j - l)!, j = 1, 2,..., n, for all 
t E [tl , tJ. Let k, = kJ(n - 2)! and #(t) = x(q(t)); then it follows from (12) 
and the inequality above that d(t) 3 kzq”pl(t)/(n - 1) > k2qi(t)/(n - 1) and 
+‘(t) = x’(q(t)) q’(t) >, k2q”-2(t) q’(t) >, k&l(t) q’(t) > kzu(t)/r(t). Hence (1) 
yields the inequality x(“)(t) 3 -r(t) f (4(t)) +‘(t)/k, . By integration from t, 
to t we obtain x(+l)(t) 3 x’+l)(t,) - kit s:, r(u) f (4(u)) d’(u) du for all t E 
[tl , tz). Let s = C(u); then by (II) and the definition of C(t), both q-l and 4-l 
exist and hence the integral inequality yields 
x(+1)(t) > xn-l(t,) - k;l jd::‘: r[$-l(s)] f (s) ds. 
1 
Since $(t) > k2qi(t)/(n - I), we also have t < q-l[k,+l/i(t)] for all t E [tl , tz), 
where k, = [(n - l)/ks]l/i. Let v = 4(t); then +-l(n) < q-l(k,ulii). As r is 
nondecreasing, then r[4-‘(v)] < r[q-l(k,vl’i)] and hence the integral inequality 
yields 
s 
d(t) 
x+l)(t) 3 x(‘+l)(tl) - k;l I +--l(kP)l f (s) ds (13) 
for all t 6 [tl , tz). 
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By assumption j” r(t)f[k#(t)] &l(t) p’(t) dt < co. If we let s = k&t), 
this integral condition yields s” r[~-l(m~r~~)]f(s) ds < cc where m = k-r/i. 
Choose k, > (n - l)! k and let M = kg1 J&,, r[q-l(kssl/i)]f(s) ds; then k, < m 
and hence (13) yields the inequality @-l)(t) 3 x(+l)(t,) - M = A - M. 
Choose A 2 2k, + M; then we have x(+r)(t) > 2K, for all t E [tl , t2). Thus 
x(+l)(t) > k, for all t 2 t, and hence x(t) - cc as t + co, a contradiction. 
If we assume j” r(t)f[--k@(t)] &l(t) q’(t) dt > --co and we define f* 
as above, then the above argument shows that Eq. (8) has a solution y(t) which 
is neither oscillatory nor has the property that y(+l)(t) --f 0 as t + CO. By 
letting x(t) = -y(t) we complete the proof. 
THEOREM 3. Suppose (I) and (II) hold, LY > 0, and there exist constants 
K, > Kl > 0 and a nondecreasing function r: [LX, 00) --f (0, co) such that 
K,r(t) p2(t) q’(t) < a(t) < K,r(t) P(t) d(t) (14) 
For n even, (1) is oscillatory if and only ;f 
s 
co 
a(t)f[&kq”-l(t)] dt = fee (15) 
for every k > 0. 
For n odd, every solution of (1) has the property P if and only if (15) holds. 
Proof. It follows from Theorem 2 and Corollary 1. 
We observe that the condition s” [a-‘(s)/a(s)] ds < co in Theorems C and E 
implies that a(t) satisfies the inequality &c(t) < a(t) < c(t), for some positive 
constant b, and some nondecreasing function c(t), and hence a(t) satisfies the 
condition in (14) when n = 2 and q(t) = t or m, < q’(t) < m2. However, 
the function a(t) = 2 + cos t satisfies the inequality in (14) but does not 
satisfy the condition s” [a-‘(s)/a(s)] ds < co. Thus, Theorem 3 includes 
Theorem E as well as Theorem C and yields a characterization of oscillation 
of Eq. (1) where f is an arbitrary continuous function and both u(t) and q(t) 
belong to fairly large classes of continuous functions. The following examples 
are illustrative: 
The equations 
x”(t) + (l/t) xm(ln t) = 0, 
01 is a ratio of two positive odd integers, 
and 
x”(t) + tr1/3x(N3)/(1 + X2(W)) = 0, 
x”(t) + (llt)f(4ln 4) = 0, 
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where 
f(x) = x(e-l + sin2 X) if 1x1 <e 
= (ln-2 1 x I) sgn x + x sin2 x if / x 1 > e, 
are all oscillatory. The function is increasing in the first example, eventually 
decreasing to zero in the second example, and nonmonotone in the third 
example with the property that its limit inferior is zero and its limit superior 
is infinity. 
COROLLARY 2. Suppose (I) and (II) hold, 01 > 0, q’(t) < m for some m > 0, 
and there exist constants I& 3 KI > 0 and a nondecreasing.function r: [a, CO) + 
(0, co) such that 
K,r(t) q+2(t) q’(t) < a(t) < K2r(t) qnp2(t) q’(t) 
for t > CL 
If the ordinary equation 
~4”) + a(t) f (x) = 0 (16) 
is oscillatory, then, for n even, Eq. (1) is oscillatory, while, for n odd, every solution 
x(t) of (1) has the property P. 
Proof. Suppose (16) is oscillatory. As q(t) < t and q’(t) < m, then a(t) < 
K3r(t)tn-2, Ka = K,m, and hence by Theorem 2 for q(t) = t and i = n - 1 
we have s” r(t) f [-&ktn-1]tn-2 dt = & 00 for every k > 0. As q(t) < t, then, 
by (II), t < q-‘(t) and hence r(t) < r[q-l(t)]. Thus, / s” r(s) f [&ks”-l]sn-2 ds 1 < 
/ j” r[q-l(s)] f [&ks+1]sn--2 ds I. Let q-l(s) = u; then we have 
IS t r(s)f[i#w s--2 ds 
e ‘-‘(u r(u)f[&kqn-l(u)] q+2(u) q’(u) du 1 
and hence the result follows from Corollary 1. 
COROLLARY 3. Suppose (I) and (II) hold, a > 0, m, < q’(t) < m2 for some 
positive constants m, and m2, and there exist constants K, > KI > 0 and a 
nandecreasingfunction r: [a, 60).+ (0, 0~) such that 
G(t) P2(t) q’(t) < a(t) < K,r(t) q”-2(t) q’(t) 
for t > a. 
For n even, (16) oscillates if and only if (1) oscillates. 
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For n odd, every solution x(t) of (16) has the property P if and only if every 
solution of (1) has the property P. 
Proof. We need only show the sufficiency. Suppose (1) satisfies the properties 
of Corollary 3; then, by Theorem 2, for i = n - 1, we have 
s 
m r(t)f[fkqn-l(t)] q-(t) q’(t) dt = &CC for every R > 0. 
As s’(t) > ml , then there exists c > 0 such that eventually q(t) > ct and hence 
a(t) >, K2r(t)tn-2, Ka = KImlcn-2. Let q(s) = CU. By (II), q-l exists and hence 
we have 
I t Y(s)f[i~qn-l(s>l p2(s) q’(s) ds 
s 
G(f)/C 
= Cn-l r[q-l(cu)] *f [*tk,z+] a”-2 da 9 k, = hc^-l. 
As q(t) > ct and r is nondecreasing, we obtain r(t) > r[q-l(ct)] and hence 
/ J” r(s) f [#zqn-l(s)] q”-2(s) q’(s) ds 1 < cn--l 1 Juft)” r(u)f[~tklu”-‘]~“-a du I. Thus 
j” r(u) f [ hk,un-1]u+2 du = &co and th e result follows from Corollary 1 for 
q(t) = t. 
2, We propose now to improve the result in Theorem D by a com- 
parison technique so that the oscillation of an ordinary equation such as (4) 
can be obtained from the oscillation of a corresponding delay equation such 
as (5). It is known that for linear equations delays can destroy but never induce 
oscillation; in otherwords; if J is linear and (5) is oscillatory, so is (4). The 
converse is false; see [lo, 141. We will show that this result remains true when 
f is nondecreasing and fails to hold in general (Eq. (7)). In this section we 
obtain a comparison result which describes the oscillatory behavior of Eq. (16) 
from that of an appropriate delay equation. 
We consider Eq. (1) and the equation 
.Yt) + A(t)F(x(Q(t))) = 0 (17) 
where n 3 2, A, Q: [0, CO) -+(-co, co), F:(-co, a~+(-~0, CD), A, Q 
and F are continuous, Q(t) < t for t 3 0. Q(t) -+ 00 as t - CO, and xF(x) > 0 
if x # 0. 
We let R = (--co, CO), S C R, and 
C(S) = {f: S + R 1 f is continuous). 
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Let T C S be the union of a finite number of disjoint intervals and define 
C’(T) = {f~ C(S) / f is continuously differentiable in T} 
and 
C,(T) = {f E C(S) 1 f is of bounded variation over every interval [a, b] C T}. 
LEMMA 3. Suppose f E C(S), T C S is an interval, and f (x) # 0 for x E T. 
Then f E C,(T) if and on@ if f(x) = g(x) h(x) for all x E T, where g(x) > 0 
and h(x) and [-sgnf(x)] g(x) are nondecreasing for al2 x E T. 
Foraproofsee[ll, 121. 
DEFINITION. We call g in Lemma 3 a positive component off, h a non- 
decreasing component off, and the ordered pair (g, h) a pair of components off. 
EXAMPLE. Suppose f E C’(T), T is an interval, and f(x) # 0 for x E T. 
It is clear that f E C,(T). Let 01 E T and define the functions h and g respectively 
bY 
44 =f (4 exp J”’ [f+‘W(s)l ds a 
and 
g(x) = exp ix [-f-‘Nif(41 ds 
for all x E T, where f+‘(x) = max(O, f’(x)) and f’(x) = max(O, -f’(x)). Then 
(g, h) is a pair of components off. 
Let Q > 0 and define R, = (-co, -CX] u [a, co). 
THEOREM 4. Suppose (I) holds, a < A, q < Q, (f / < 1 F 1, f E C,(R,), 
ol > 0, and (g, h) is a pair of components off. 
If, for n even, the equation 
x(W) + a(t) g( +4?‘-‘(t)) 44dtN) = 0 (18) 
is oscillatory for every k # 0, so is (17). 
If, for n odd, (18) has no unbounded nonoscillatory solution for every k # 0, 
so does (17). 
Proof. Let x(t) be a nonoscillatory solution of (17) and assume x(t) > 0 
for t > t, , t, > 0. By Lemma 1, there exists t, > t, and an integer Z, 0 < Z < 
n - 1, n + Zis odd, such that x’7c)(t) > 0, k = 0, l,..., I, and (-l)“fk-l x(l;)(t) > 0, 
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k = 1 + l,..., n - 1, for all t 3 t, ; in particular, SF)(~) < 0 and xo-l)(t) > 0. 
Thus I < k, , k, > 0, and hence there exist k, > 0 and t, > t, such 
that x(t) < &n-1 for t 3 t, . Choose t, > t, so that q(t) 3 t, for t > t, 
and assume I > 1; then x(t) is increasing and hence x(q(t)) < x(Q(t)) < 
k,Q+1(t) for t 3 t, . By Lemma 3, 
@CQ(t))> 3 f(x(QW = &(QW WQW) 
2 gP,QWN @(Q(t))) 
and hence (17) yields the inequality 
for t 3 t, . 
Let B(t) = u(t) g(k2Q’-1(t)) and integrate both sides of the inequality from s 
to r, r > s > t, , to obtain 
x(-(t) - Z&-~)(S) + IT B(u) @(q(u))) du < 0 
s 
for r > s > t, . Hence 
X(-(S) 2 j-= B(u) h(x(q(u))) du 
s 
(19) 
for any s > t, . 
Let Irs(s) = J-y B(u) h(x(q(u))) du and 
4,&) = fm L&4 du> j = 2, 3 ,..., 1. 
s 
By successive integrations of (19) from s to r, r 3 s >, t, we obtain 
(-l)j-l x(“-~)(s) > Ij,=(s), j = 1, 2 ,..., n - 1. 
In particular, X(~)(S) > l,+-l,z(~) for all s 3 t, . Let JIVr = In-l,s. By successive 
integrations of this inequality from t, to t we obtain 
.(z-s)(t) > j-1 (t - u)i--l J&u) du/(i - l)! (20) 
for t > t, , i = l,..., 1. In particular 
x(t) 3 -es) + J-1 (t - w1 Jz.&>/(~ - l)! (21) 
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Define a sequence {m(t)} of functions on [t, , co) as follows: 
and 
m(t) = 4t> if t E [tz ) t3] 
= x(tJ + St t - q1 /Z,Y”JfJ> W(Z - l>! if tats, 
t3 
l n = 2, 3,... . 
It is easy to see from (21) and the definition of {m(t)} that x(t) 3 yl(t) > 
YzW 2 ... 3 x(t,) for t >, t, . Hence the sequence (m(t)} converges pointwise 
to a function y(t) > x(tJ for t 3 t, . We propose to show that y(t) is con- 
tinuous. From the definition of m(t) and (20) we have y%‘(t) < x’(t) for t > t, 
and 12 = 1, 2, 3 ,... . Thus the sequence (y%(t)} is locally uniformly bounded 
and hence equicontinuous. By the Ascoli’s theorem, {m(t)} has a subsequence 
which converges uniformly to y(t). Thus y(t) is continuous for t > t, and hence 
r(t) = 44 if t E [tz , tJ 
= X(h) + I” (t - q1 Jz.& du/(l - l)! if t > t, . 
t3 
It is easy to see that y(t) is a solution of (18) for t > t, such that y’(t) > 0 
and x(t) > y(t) > x(&J. Thus for I 2 1, y(t) is a solution of (18) satisfying 
the above property. Now, if 71 is even, I 3 1 by Lemma 1 and hence y(t) is a 
nonoscillatory solution of (18). If rr is odd and x(t) is unbounded, then x’(t) > 0 
and, by Lemma 1, x”(t) > 0. Thus I > 1 and hence y(t) is an unbounded 
nonoscillatory solution of (18). 
Assume x(t) < 0 for t >, t, and let z(t) = -x(t); then z(t) is a so!ution 
of (8) where f * assumes the role of F *. As F* satisfies the hypothesis of 
Theorem 4, then z(t) satisfies the conclusion of the theorem and so does x(t). 
The proof is now complete. 
COROLLARY 4. Suppose (I) holds, a < A, q < Q, 1 f 1 < 1 F I, and f is 
nondecreasing. If n is even and (1) is oscillatory, then (17) is oscillatory. Ij L is 
odd and every nonoscillatory solution of (1) is b ounded, then every nonoscillatory 
solution x(t) of (17) is bounded, furthermore, tW+l)(t) -+ 0 as t -+ CO, i = 0, I,..., 
n - 2. 
Proof. It follows from Theorem 4 and Lemma 2. 
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Corollary 4 extends [IO, Theorems 6 and 151 to the nonlinear equations 
as well as some results in [l] and [7] to the delay equations and shows that 
delays do not induce oscillation when f is nondecreasing; more precisely, 
if 71 is even, f is nondecreasing, and Eq. (1) h as a nonoscillatory solution for 
q(t) = t, then Eq. (1) has a nonoscillatory solution for any q(t) < t. However, 
without the nondecreasing requirement on f, delays may or may not induce 
oscillation of Eq. (1) as we can see from Ex. (7) which has a nonoscillatory 
solution when q(t) = t, oscillates when q(t) = t*i3, and now, by Theorem 2, 
has a nonoscillatory solution when q(t) = t1/2. Thus, Theorem 4 yields a 
sufficient condition u?der which delays do not induce oscillation for a large 
class of differential equations. 
We now apply Theorem 4 to study the oscillatory behavior of solutions of 
Eq. (16) by comparing it with an appropriate delay equation. We assume 
that f is locally of bounded variation; i.e. j E C,(R,) for some 01 > 0. It has 
been shown in [I l] that a necessary condition for oscillation of Eq. (1) when 
f E C,(R,) is that Condition (3) holds. 
Thus, if we assume that a(t) satisfies the condition in (3) and we let q(t) = 
min(t, J: u(s) ds), then the oscillation of Eq. (16) can be reduced, by Theorem 4, 
to the oscillation of the delay equation 
Xyt) + a(t) g(kt) &4?(t))) = 0 (22) 
where (g, h) is a pair of components of f and k is a nonzero constant. We 
summarize this result in the following corollary. 
COROLLARY 5. Suppose (I) hoZds, n men, J” u(t) dt = 00, q(t) = 
mink Ji 4s) 4, f E C,(R), 01 > 0, and (g, h) is a pair of components off. 
If (22) is oscillatory for every k f 0, then (16) is oscillatory. 
We observe that Corollary 5 applies to Eq. (16) where Theorem 1 fails 
to apply, namely when lim inf u(t) = 0, and also covers a fairly large class 
of equations. We illustrate this result by the following example. 
Consider the equation 
X” + t-%/(1 + ti’“) = 0 (23) 
to which Theorem 1 does not apply. Let q(t) = t2/3, g(x) = x2j3/(1 + A+/“), 
and h(x) = x’/~; then (22) yields the equation 
x”(t) + [kt’l”/(l + k2t4/3)] &3(t2/3) = 0, 
which is oscillatory by the result in [14]. Hence, by Corollary 5, Eq. (23) is 
oscillatory. 
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